By computing the rank of the group of unimodular units in a given number field, we provide a simple proof of the classification of the number fields containing algebraic integers of modulus 1 that are not roots of unity.
For a number field K, let V K denote the set of algebraic integers in K of modulus 1. Such numbers are necessarily units in K: if u ∈ K is integral and |u| = 1, then u = u −1 is also an integral element of K. Therefore V K is a subgroup of the unit group U K of K. Since U K is a finitely generated abelian group, so too is V K . According to Dirichlet's unit theorem, the rank of U K is determined in a simple way by the signature of K, and one is led to wonder whether there is an equally simple way to determine the rank of V K . In this note we show that this is indeed the case.
A natural question to ask is when V K properly contains the group W K of roots of unity in K. That is, when does K contain algebraic integers of modulus 1 that are not roots of unity? In 1975, MacCluer and Parry [2] partially answered this question by proving that if K is a Galois extension of Q then W K = V K if and only if K is imaginary and not a CM-field (defined below). That same year Parry [3] extended this result, with slightly more complicated hypotheses, to all number fields. It turns out that both of these results are easy consequences of our computation of the rank of V K , and we are thus able to provide dramatically simplified proofs.
In addition to the notation already established, let R K = U K ∩ R denote the group of real units in K. We will find it convenient to omit the subscripts from our notation when there is no risk of confusion. Our main observation is the following. Theorem 1. Let K be a number field closed under complex conjugation, and let U , V and R be as above. Then rank V + rank R = rank U.
Proof. By hypothesis, if u ∈ U , thenū ∈ U as well. Therefore, uū = |u| 2 ∈ R and u/ū ∈ V . This means that
Hence U 2 ⊂ RV ⊂ U , so that rank U = rank U 2 = rank(RV ). It is clear that R ∩ V = {±1}, giving rank RV = rank R + rank V , so we're done.
The decomposition of equation (1) already appears in [1] , but is utilized only in the case V = W . We also note that an imaginary number field K is closed under complex conjugation if and only if it is of degree 2 over its maximal real subfield, a condition which appears as a hypothesis in [1] . Corollary 1. Let K be a number field closed under complex conjugation. Let F = K ∩ R be the maximal real subfield of K. Then
this follows immediately from the theorem.
A number field K contains unimodular units that are not roots of unity precisely when W = V . Since the torsion part of V is W , we will have W = V if and only if rank V > 0. Corollary 1 can therefore be restated as follows.
Corollary 2. Let K be a number field, closed under complex conjugation, and let F = K ∩ R. Then K contains unimodular units that are not roots of unity if and only if rank U K > rank U F .
Let F be any proper subfield of the number field K. If we denote by r(L) and s(L) the number of real and complex places (resp.) of the number field L, then rank U F = rank U K if and only if
It is easy to show that these equations are simultaneously satisfied if and only if [K: F ] = 2, r(K) = s(F ) = 0 and r(F ) = s(K) (see [3] ). In this case, K is said to be a CM-field. Combining this observation with Corollary 2, we obtain the next result. Theorem 2. Let K be a number field closed under complex conjugation. Then K contains unimodular units that are not roots of unity if and only if K is imaginary and not a CM-field.
Since every Galois extension of Q is closed under complex conjugation, we have recovered MacCluer's and Parry's result. Turning now to the general case, let K denote the image of K under complex conjugation. Proof. Note that V K = V L , since if u ∈ K has modulus 1 then u = 1/u ∈ K, so that u ∈ L. Therefore, K will contain unimodular units that are not roots of unity if and only if L does. Since L is closed under complex conjugation, Theorem 2 finishes the proof. This is essentially Parry's classification. However, the statement of Theorem 3 differs from Parry's Corollary 2 of (the correction to) [3] in that it makes explicit the nature of the field L.
